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There is a substantial change in the anisotropy of some glassy polymers when they 
are subjected to large plastic deformations. The most pronounced case probably is 
seen in polycarbonate (PC), which is a tough thermoplastic used for many 
structural applications, including as a protective transparent armor for such 
applications as bulletproof glass. This development of anisotropy in the elastic 
response can be of the same order as the applied strains, and, therefore, becomes 
important in problems that show substantial plastic flow. In spite of this, this 
characteristic of glassy polymers has not been included in the current models. We 
propose a change to one of the most common models used for characterizing the 
mechanical behavior of glassy polymers that has been developed by Boyce et al. 
and show that this modification captures the observed change in elastic response. 
We further look at the response of the original Boyce model and the modified 
model and show that the new model captures all the experimental results to 
 
 
approximately the same accuracy as the original model did. The modified model 
uses all the same components as the original model, but with a change of the elastic 
stress-strain response with one constructed to fit the observed development of 
elastic anisotropy as a result of plastic flow. 
 
We subsequently have implemented this model in ABAQUS VUMAT and have 
shown that although the modified model captures the quasi-static experimental 
results with the same accuracy, in wave propagation problems at large plastic flow 
the two models show substantial differences in wave propagation. Some 
simulations that reflect this difference are discussed.  
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Chapter 1: INTRODUCTION 
      
 Glassy polymers, such as poly vinyl chloride (PVC), poly 
methylmethacrylate (PMMA), polystyrene (PS) and polycarbonate (PC) show a 
complex thermo-mechanical response when they are subjected to load, particularly 
when the load results in plastic deformation. One aspect of this response is the 
development of anisotropy in the elastic response followed by plastic deformation. 
This development of anisotropy has been known for long time and a description of 
it can be found in several books [1-3] and can be seen clearly in Figure 1, which 
shows the longitudinal and transverse elastic moduli for several undeformed and 
stretched polymers.  
Figure 1 shows that at zero strain both the axial and transverse moduli are 
the same, which proves that initially the samples were isotropic. With plastic 
stretching a divergence appears between the axial and transverse modulus. Indeed 
the longitudinal modulus increases, whereas the transverse modulus decreases with 
the increase of the plastic strain stretching. Polycarbonate shows the largest 
difference of modulus, with an approximately 60% difference in modulus for 
approximately 60% plastic strain in tension. These two moduli for PC after plastic 
compression have been measured by the ultrasonic wave speed measurement and is 
shown in Figure 2. More detail about this measurement is reported in [4].  
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Figure 1. Axial and transverse modulus reported as a function of extent of plastic 
deformation in tension for PVC, PMMA, PS and PC. 
  
 
Figure 2. Comparison of model results with ultrasonically measured longitudinal 
and shear wave moduli for the given plastic strains, measured at room temperature. 
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Due to the strong development of anisotropy in plastically deformed 
polycarbonate, it recently has been studied and this characteristic has been modeled 
[5]. The implementation of this work into numerical simulation and the study of the 
results of this work is the focus of this thesis. This is in view of the fact that the 
currently used models for simulating PC do not capture this change in anisotropy 
[9].   
As a polymer, polycarbonate is a very common material used in many 
commercial products such as in electrical and electronics applications, optical 
applications or medical applications. It is used because of its high resistance to 
temperature, its impact resistance and its optical properties. 
Table 1. Some properties of polycarbonate relevant to this work [5]. 
         Polycarbonate physical properties 
Density (ρ) 1120 g/cm³ 
    
Mechanical properties 
Young's modulus (E) 2.0 - 2.4  GPa 
Poisson's ratio (v) 0.39-0.41 
    
                  Thermal properties 
Melting temperature 267 ºC 
Glass transition temperature 150 ºC 
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 Even though the development of anisotropic behavior after plastic 
deformation is known for glassy polymers, this fact frequently is ignored in the 
development of models. The models used to capture the large deformation response 
of glassy polymers, such as the most commonly used models developed by Boyce 
et al. [6-8], describe the stress as a function of only the elastic deformation. 
Without another parameter to characterize the anisotropy, these models have fixed 
symmetry in the elastic response, essentially the same as the symmetry in the 
undeformed state.  An improvement of Boyce et al.’s model for evaluation of the 
stress was created by Neghaban et al. [10]. This new model introduces plastic 
deformation into the stress response so that the model can characterize the 
emergence of anisotropy in the elastic response. Details of this new model are 
described in the next section.  
The model proposed by Boyce et al. [9] and used by most researchers is 
essentially a large deformation viscoelastic model. The main components consist of 
an elastic stress-strain equation giving the stress as a function of the elastic 
deformation gradient, a back stress equation giving the equilibrium stress as a 
function of the plastic deformation, and a flow rule for the plastic deformation in 
terms of the overstress. We propose to switch the stress-strain model of Boyce et al. 
to the model proposed by Negahban et al., keeping all the other components of the 
original Boyce et al. model.  
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The main goal of this thesis is to simulate for different cases using both the 
original Boyce et al. model and the modified model using the Negahban et al. stress 
model. In doing so, we will demonstrate that these two models show both 
similarities and differences. In particular, we will show that the two models are 
identically acceptable in fitting the data used to construct the original Boyce et al. 
model.  We also will illustrate that the modified model shows the observed 
development of anisotropy with plastic flow but that the Boyce et al. model does 
not.  
Indeed, wave propagation is one of the applications in which the new model 
can be very useful because wave propagation depends on elastic stress response. 
The velocity of a wave into an elastic material can be evaluated by the equation 
                                                         

E
v   ,                           (1) 
where v  is the wave speed,  is the elastic wave modulus (tangent modulus), and  is 
density. Since the velocity of the wave depends on the elastic wave modulus, the 
development of anisotropy will affect the wave speed. Therefore, ignoring the 
development of anisotropy in the elastic response will result in errors in predicting 
the wave speeds. To show this, we implement the two models into a finite element 
method software called ABAQUS; more detail about this can be found in Chapter 
4. This implementation will be used in several particular examples to show the 
difference predicted for the behavior of the wave by the two models. Finally, we 
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conclude by presenting some interesting applications, such as development of a 
wave guide. 
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Chapter 2: CONSTITUTIVE MODELING OF PC 
 
 
In this thesis we use two constitutive models to describe the response of 
polycarbonate (PC). The first is the model proposed originally by Boyce et al. [11-
12] and further developed by Arruda et al. [9]. This model is possibly the most 
commonly used for the simulation of the response of PC. We will refer to this 
model as the “Arruda-Boyce” model. The second model we use is a modification of 
the Arruda-Boyce model which simply takes their model and replaces their 
constitutive equation for stress in terms of elastic strain with a model that provides 
stress in terms of the elastic and plastic strains. This new constitutive equation was 
proposed by Negahban et al. [10]. We will refer to this modification of the Arruda-
Boyce model as the “Modified Arruda-Boyce” model. 
The Arruda-Boyce constitutive modeling structure is based on a structure 
used for modeling finite plasticity. The model also is based on a mechanical analog 
resembling that of a standard linear solid, but with nonlinear components.  Figure 3 
shows the mechanical analog describing the Arruda-Boyce model.  
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Figure 3. One dimensional mechanical analog of the Arruda-Boyce model. The 
analog resembles a standard linear solid, but contains nonlinear elements consisting 
of an elastic spring in series with a two-component element consisting of a rubber 
elasticity Langevin spring and a nonlinear dashpot in parallel. 
 
  The Arruda-Boyce model contains three different elements to characterize 
the material response. These are shown schematically in Figure 3 and include an 
elastic stress element, a back stress element and a viscous flow element. The elastic 
element is constructed by a model that resembles linear elasticity for an isotropic 
material but uses the logarithmic strain. The back stress element is a nonlinear 
elasticity model based on the Langevin spring model. The viscous flow is 
characterized by a viscous flow rule that has the plastic strain flowing in the 
direction of the over-stress, with a materially motivated scaling parameter. More 
detail about this model can be found in [9]. The following will provide some useful 
information that will be used in the simulation. 
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2.1 Kinematics for large deformation  
 
The deformation gradient F  is assumed to be constructed from two parts, 
an elastic part and a plastic part. As in plasticity, this decomposition is assumed to 
be multiplicative and described by the relationship pe= FFF , where 
e
F  and 
p
F are, respectively, the elastic and plastic deformation gradients. In the Arruda-
Boyce model, elastic deformation gradient is assumed to be symmetric such that 
eeeee
RVURF  , where  IR 
e
 is the orthogonal factor, 
e
U  and eV are, 
respectively, the right and left symmetric factors in the polar decomposition of the 
elastic deformation gradient, and I  is the identity.  In general, the elastic 
deformation gradient need not be symmetric, yet in order to account correctly for 
the large deformation rotation we need to use the left symmetric factor eV  in the 
Arruda-Boyce model. The plastic deformation gradient can be represented in terms 
of the components of pU , pV and pR of its polar decomposition as  
                                         .
ppppp
VUURF                                                     (2)    
The volume ratio in each case is the determinant of the associated deformation 
gradient and is denoted by )det(FJ , )det(
eeJ F  and )det(
ppJ F . The right 
and left Cauchy stretch tensors in each case are denoted by, respectively, the letters 
"C" and "B" with the relation FFC
T  and 
T
FFB  . 
The velocity gradient can be written as  
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                                   ,
11
.
  epee + = FLFLWDFFL                                   (3)                     
where D  is the symmetric part of the velocity gradient known as the rate of  
deformation and the skew symmetric part of the velocity gradient is denoted by 
W and known as the spin tensor. The plastic velocity gradient pL can be written as 
the sum of plastic rate of deformation and spin and is given by   
                                          ,
ppp WDL                                                             (4) 
where 
p
D is the plastic rate of deformation and 
P
W  is the plastic spin tensor. 
 
2.2 Constitutive description of the Arruda-Boyce model 
 
 As described in the introduction, the Arruda-Boyce model for glassy polymers is 
constructed from three main components: a nonlinear elastic stress, a nonlinear back 
stress, and a viscous flow element characterized by a nonlinear plasticity-like flow 
rule. What follows is a description of each of these elements.  
Model for elastic stress 
 
 In the representation shown in Figure 4 the elastic spring element carries a 
load equal to the applied load, yet its deformation depends on the amount of 
deformation in the back stress element. In the Arruda-Boyce model, the 
deformation in the elastic spring is characterized by the elastic deformation 
11 
 
gradient and so they assume the externally applied Cauchy stress T  is given in 
terms of the elastic deformation gradient. The model they propose is a two-
parameter model similar to linear isotropic elasticity but which uses the logarithmic 
elastic strain in place of the standard infinitesimal strain. They write this 
relationship as  
                                              
  ,ln1 e e
eJ
VT L
                                                  (5)
 
where  eVln
 
is a second order tensor called the Hencky strain (logarithmic strain) 
and 
eL is the fourth order tensor operator of elastic constants which for an isotropic 
elastic material is given by: 
                                                ,)
3
2
(2e IIII  L                                     (6) 
where µ is the shear modulus,   is the bulk modulus, and II and I are, respectively, 
the fourth and second order identity tensors.     
Model for back stress 
 
 For the Arruda-Boyce model they have introduced the eight chain model of 
rubber elasticity to capture the strain dependence behavior of the back stress. In this 
formulation the back stress is denoted by 
b
T  and is taken to be coaxial with the 
plastic right Cauchy stretch tensor 
pTpp
FFB   and its eigen values given by  
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   ,
3
1
3
1
chain
1
2
i
chain1
p
p
p
Ri
I
N
NCB









 
 L
                           (7)
 
where 
2
i
p  are the eigen values of the plastic stretch tensor pB , 
2
3
2
2
2
11 )(
pppptrI  B  is the first invariant of the left Cauchy plastic stretch 
tensor, 
2/1
1chain
3
1 Ip 





 is the stretch on the chain in the “eight chain” network; 
and L
 
is the Langevin function defined by 
i
ii 
 1)coth()( L . The material 
parameters which characterize the hardening are the rubbery modulus RC  and the 
limited chain extensibility N . 
Model for the viscous flow rule 
 
 In the Arruda-Boyce model, the viscoplastic behavior is captured with the 
Argon model for yield in glassy polymers, where the rate of plastic strain is given 
by  
    ,1exp
6/5























s
As
o
p 

 
                     (8) 
where o  is the pre-exponential factor, 11.0s  is the athermal shear strength,   
is the elastic shear strength,   is the effective equivalent shear stress,  is 
Boltzmann’s constant and   is the absolute temperature. The strain softening 
phenomenon is modeled by taking the athermal shear strength s  as  
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,1 p
sss
s
hs  






                                      (9)
 
where h is the softening slope.   is calculated by taking the scalar equivalent of the 
tensorial difference between the total stress and back stress and is defined by  
                                                       
,:
2
1
2/1
*'*'






 TT
                                    (10)
 
where *'T  is defined as a deviatoric part of the overstress 
*
T , itself defined by the 
invariant difference between stress and back stress given by  
                                      
.
1* eTbe
eJ
FTFTT 
                                          (11)
 
The magnitude of the rate of the “plastic” shape change is given by a flow rule for 
p
D  which forces deformation along the deviatoric over stress. This model is given 
by  
                                            ,ND
pp                                                            (12) 
where  
                                              
.
2
1 *'
TN


                                                         (13)
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2.3 Modified Arruda-Boyce model  
 
 As described in the introduction, we consider a modification of the original 
Arruda-Boyce model by replacing the equation for the elastic response with one 
that is more realistic. The model used in the modified Arruda-Boyce model is one 
developed by Negahban et al. [10] based on ultrasonic measurements of the 
development of elastic anisotropy as a result of plastic flow in glassy 
polycarbonate. This model for the elastic response captures the development of 
anisotropy seen as a result of plastic flow. The other components of the original 
Arruda-Boyce model are left as is (i.e., the same model for the back stress and 
viscous flow are used).  
The modified Arruda-Boyce model uses an equation for the elastic stress 
which not only depends on the elastic deformation gradient eF , but also depends 
on the plastic deformation gradient PF . This model is given by the equation                                       
  ,)2()(21
)
3
)(
(
1)ln(
*
7
3/2
eTeeppepe
o
e
e
e
ee
JI
tr
JJ
G
J
JJ
FCCCCCICF
I
B
BIT








                       (14)             
 
where J  and eJ  are, respectively, the total and elastic volume ratios, which are 
equal to, respectively, the determinant of F  and eF , I  is the identity tensor, eB  
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and eC  are, respectively, the left and right Cauchy elastic stretch tensors defined as 
eTee
FFB  and eeTe FFC  , and pC  is the right Cauchy plastic stretch tensor 
defined as ppTp FFC  . The material parameters   and G  in the equation 
represent, respectively, the isotropic bulk and shear modulus functions, and the 
material function 
*
7I
o


  is the derivative of the free energy   with respect to a 
combined isotropic invariant of the elastic and plastic stretches described in [13]. 
This last material function scales a term that depends on both the elastic and the 
plastic strain and is responsible for the development of the anisotropic elastic 
response that results from plastic flow. These three material functions were 
obtained at room temperature for PC by a least square minimization of the model 
response to the observed experimental response. These material functions at room 
temperature were calculated to be 
                                     )3(2004670
*
4  I  MPa,                                 (15)                                      
                                       )3(1591072
*
4  IG  MPa,                                  (16)  
                   and 004.0
)3(
125.0
)3(
*
7
0
*
4
*
4
433150283







II
ee
I


 
MPa,               (17) 
where 
*
4I  is an isotropic invariant of the plastic right Cauchy stretch 
p
C given by 
3
2
*
4
)(
p
p
J
tr
I
C
  , where )det(
ppJ F  is the plastic deformation gradient’s volume 
ratio. The constitutive model for stress given in equation (13), along with the 
material functions (14)-(16), captures both the initial isotropic and subsequent 
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anisotropic elastic response of PC subjected to plastic strain at room temperature. 
The results of this model are shown with the experimental data in Figure 2.  
2.4 Material parameters for the Arruda-Boyce model 
 
The material parameters used in the Arruda-Boyce model for the most part 
have not changed substantially. These parameters are given in the paper by Arruda 
et al. [9] and are as indicated in Table 2.  
Table 2: Model parameters for the Arruda-Boyce model. 
E  MPa  2300  
  0.33  
 -1s o  15102  
)( 3mA  
271031.3   
)MPa( h  500  
o
ss
s
s
 
0.78  
)MPa( RC  18.0  
N  2.78  
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Chapter 3: COMPARISON OF THE TWO MODELS 
 
This chapter focuses on the comparison of the Arruda-Boyce model and the 
modified Arruda-Boyce model, both of which were described in the previous 
chapter. As described, the modified Arruda-Boyce model simply replaces the 
equation for the stress in the original Arruda-Boyce model with a model proposed 
by Negahban et al. [10] that can capture the development of anisotropy in the 
elastic response resulting from the change in the material due to plastic flow. In all 
other aspects the two models are identical. The material parameters used for both 
models are given in the previous chapter. 
The cases used for this comparison include all the data used by Arruda et al. 
and Boyce et al. to construct the initial model. As will be shown, both models 
capture this data equally well. As a result, there is no experimental evidence used to 
construct the original Arruda-Boyce model that can be used to indicate any 
preference for using this model over the modified Arruda-Boyce model. Since the 
modified Arruda-Boyce model captures the development of anisotropy in the 
elastic response seen in ultrasonic testing, one might conclude that the modified 
Arruda-Boyce model improves on the original without taking away any of its 
desirable features. 
18 
 
In addition to the comparison of the two models for the experimental results of 
Arruda et al. and Boyce et al., we study the response under confined compression 
and show that this case can show a substantial difference between the models and 
therefore might be useful for discriminating between them.  
The deformations considered in the following represent compression, partially 
confined compression, and fully confined compression. The partially confined 
compression mimics the deformation fixture used by Arruda et al. and Boyce et al. 
that restricts the deformation along one of the two transverse directions to the 
compression but allows free expansion along the other direction. 
In each case a MatLab code was used to integrate these constitutive equations 
for different monotonic loading rates. As such, we consider these results to be 
semi-analytical. 
 
3.1 Uniaxial compression or tension 
 
To simulate the uniaxial tests, we assume homogeneous uniaxial tension or 
compression with stress in the transverse directions as zero. Let ie  be an 
orthonormal base with 3e  along the direction of compression or tension. The stress 
under such a condition can be given by  
                                                  
 , 33 eeT  a                                                   (18) 
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The total deformation gradient, elastic deformation gradient and plastic 
deformation gradient are given by  
                             
,3322
*
11
*
eeeeeeF  
                                   (19) 
                              
,3322
*
11
*
eeeeeeF  eeee 
                             (20) 
                       and 
,3322
*
11
*
eeeeeeF  pppp 
                           (21) 
where e  and 
p  are the elastic and plastic stretch in the axial direction and 
*e  
and *p  are the  elastic and plastic stretch in the transverse direction, and “ ” is 
the tensor product. The total stretches in the axial and transverse directions are 
given, respectively, by pe   and *** pe   . For the known   and pF , e  
and *e  can be calculated using 
pe  / and *** / pe   . The condition that 
stress in transverse direction equal to zero can be used to calculate * , which 
eventually will give us F , eF  and  
p
F . From this information, the Cauchy stress 
T , back stress bT , overstress *T , deviatoric part of overstress 
*'
T  and flow rule 
can be calculated, from which pF ,  which will be used in the next step of 
simulation, can be calculated. The response for uniaxial compression for two 
different models are shown in Figure 5 along with the experiments reported by 
Arruda et al. [14]. From the plot, the two models are in very close agreement with 
one another up to fairly large strains which are very close to the experiments. 
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Figure 4. Simulation using isotropic and anisotropic constitutive models along with 
the experimental plot for uniaxial compression reported in [14] at strain rate of 0.01 
1/s. 
 
The response in compression for many different strain rates is shown in 
Figure 6. The experimental data has been extracted from Mulliken et al. [14] and it 
can be seen that the response from both models fits well until 1 1s , which 
provides us with the range in which the model can be used. 
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Figure 5. Simulation using isotropic and anisotropic constitutive models along with 
the experimental plot for uniaxial compression reported in [14] at different strain 
rates. 
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The response under uniaxial tension has been shown in Figure 6 for 
101.0 s , which are also in close agreement with another simulation using the 
isotropic and anisotropic constitutive models for uniaxial tension at strain rate of 
0.01 1/s . 
 
 
Figure 6. Simulation using isotropic and anisotropic constitutive models for 
uniaxial tension at strain rate of 0.01 1/s. 
 
3.2 Partially confined compression or tension 
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To simulate the partial confined compression test, let 3e  be the direction of 
compression and 1e  and 2e  
be the transverse directions with the surface along the 
1e  
direction being free and along the 2e  
direction being restrained. Under such 
conditions the stress can be given by  
                                      
, 33222 eeeeT  at                                    (22) 
where a  is the stress in the direction of compression and 2t

 
is the stress in the 
transverse direction where the surface is fully restrained and stress in the 1e  
direction is zero. The total deformation gradient, elastic and plastic deformation 
gradient for such a case is given by  
                                        
, 3311
*
1 eeeeF   t                                    (23) 
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                                    and  
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t
p 
                                 (25) 
Again, for the known   and 
P
F , 
e  and 
*
1
e
t  can be calculated using 
pe  /  
and *
1
*
1
*
1 /
p
tt
e
t   . The stress in transverse direction 1e  equal to zero condition can 
then be used to calculate *
1t , which will give us F . From F and 
p
F , eF can be 
calculated. Then, Cauchy stress T , back stress 
b
T , overstress *T , deviatoric part 
of overstress *'T  and flow rule can be calculated which will provide the pF  that 
will be used in the next step. The response of plane strain from both models is 
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shown in Figure 7 and compared with the experiments. Both the models give fairly 
good comparisons until large strains. 
 
Figure 7. Simulation using isotropic and anisotropic constitutive models along with 
the experimental plot for plane strain response reported in [14] at strain rate of 0.01 
1/s. 
3.3 Simple shear condition 
 
In the case of simple shear, out of plane deformation is assumed to be zero. 
Again, let us assume the rectangular coordinate system with ie  as the orthonormal 
base. Under such a condition, the deformation gradient, elastic and plastic 
deformation gradient can then be written as  
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,   21332211 eeeeeeeeF 
ee 
                           (27) 
           and 
,  21
p
332211 eeeeeeeeF                                  (28) 
where  , 
e
 
and 
p  are total shear strain, elastic and plastic shear strain, 
respectively. For the known shear strain  , F  is known and then 
e
F can be 
calculated using the relationship 1 pe FFF . For the known deformation gradients, 
Cauchy stress T , back stress bT , overstress *T , deviatoric part of overstress 
*'
T  
and flow rule can be calculated and used to update pF , which will be used in the 
next step. The response of simple shear from the constitutive model for stress used 
by Arruda et al. and the anisotropic model developed by the authors under 
monotonic shear strain rate of 101.0 s  has been shown in Figure 8. Both models are 
in very close agreement with one another. 
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Figure 8. Simulation using isotropic and anisotropic constitutive models for simple 
shear at strain rate of 0.01 1/s. 
 
3.4 Confined Compression 
           
For the confined compression test let 3e be the direction of compression and 
1e  and 2e  
be the transverse directions which both will be constrained. In this case 
the stress will be equal to: 
                                    
,33222111 eeeeeeT  att                           (29) 
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where a  is the stress in the direction of compression and 2t  is the stress in the 
transverse direction where the surface is fully restrained. In this case the 
deformation gradient, elastic and plastic deformation gradient will be given by 
,33 eeF                                                           (30) 
                            ,33 eeF 
ee                                      (31)                                                   
                   and ,33 eeF 
pp                                        (32) 
The responses for both models are shown in Figure 10 and it can be seen that the 
anisotropic model produces a very different response from that produced by the 
Arruda-Boyce model. This is due to the fact that confined compression has to 
produce large volume changes that are not supported in the plastic deformation and 
thus induce large volumetric elastic deformation. The much higher moduli in the 
ultrasonically based model then naturally produce much larger stresses.  A 
coefficient can be added to scale the parameters of the modified model to match the 
initial response of the Arruda-Boyce model. In this case we again obtain results 
very similar for both models.  
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Figure 9. Comparison of numerical simulations with ABAQUS for confined 
tension at 0.167 1/s. 
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Chapter 4: NUMERICAL IMPLEMENTATION  
 
To use either the Arruda-Boyce model or its modification to solve problems 
with complex geometry or complex initial or boundary conditions, we need to 
implement the constitutive equation into a numerical solving system such as a 
general purpose finite element solver. In this chapter we consider implementing the 
Arruda-Boyce model and its modification into a VUMAT subroutive that can be 
used with ABAQUS-Explicit to simulate initial and boundary value problems. 
ABAQUS-Explicit is an explicit solver that can be used for the simulation of 
dynamic loading problems under potentially large deformations. 
            ABAQUS-Explicit uses the VUMAT to calculate the tangent modulus 
(local stiffness) of the material directly from the value of the stress without the 
need for explicit specification of a tangent modulus. To accomplish this, the 
program calls the VUMAT for different purposes. In each case, the user is given 
the initial conditions and asked to calculate the stress at the end of a given 
increment of deformation. The user also provide variables that extract history 
parameters for the integration point on the call to the VUMAT, and the machine 
lets the user update these values in a new set of variables at the end of the routine. 
Typically the history parameters are the state variables for the integration point or 
the internal parameters. For the VUMAT we have chosen to store pF and s  as the 
two state variables.  
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It should be pointed out that there are two methods that are available in 
ABAQUS which are ABAQUS-Explicit and -Implicit. The type of method used is 
problem dependent; during our simulations we used ABAQUS-Explicit because in 
wave propagation problems excitation are rich in high frequency waves and the 
time scales are short. We are interested in observing the passage of stress waves 
through elements for a large deformation viscoelastic constitutive model. This 
requires small time steps and inclusion of inertia terms; hence ABAQUS-Explicit is 
used in all the simulations. 
4.1 Approximation of models for the implementation  
 
In the previous chapter we describe the two models for the description of 
PC. Some parts of these models, such as the evaluation of the inverse Langevin 
function or calculation of the symmetric part of the deformation gradient, are 
difficult to implement in a FORTRAN code. To overcome these problems, we can 
use appropriate approximations that simplify the numerical implementation and 
which are described, for the most part, by Tomas et al. [15]. Here we will describe 
the approximations we used in the numerical implementation and show that the 
results are similar to the semi-analytic results presented in the previous chapter. 
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Change in the model for elastic stress 
 
Evaluation of the elastic stress using equation (4) requires the evaluation of 
the Henkey strain that is the logarithm of the left symmetric factor in the polar 
decomposition of elastic deformation gradient. To calculate this we have 
implemented a Pade approximation for the logarithm as described below. 
ABAQUS provides the VUMAT with the value of the deformation gradient 
and allows us to transfer the value of the plastic deformation gradient from the 
previous step. Using these two we can calculate an elastic deformation gradient 
using 1 pe FFF . The resulting elastic deformation gradient is not necessarily 
symmetric so we need to calculate its symmetric part for use in the Arruda-Boyce 
model. To calculate, we can first calculate the left Cauchy elastic stretch. This 
follows from 
   ,)())((
21 eTeeeeTeTeeeTeeeeeTee
VVRRVVRRVRVRVFFB 

  (33)  
                                                       .ee BV                                                       (34) 
As a result, we can replace (4) in the Arruda-Boyce model with: 
                                                   .)ln(
1 e e
eJ
BT L                                     (35)                                                                           
The last operator )ln( eB can be approximated with a high order Pade 
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approximant. Low order approximants are sufficient for stiff materials such as 
steel, but in compliant material such as polymers, at large strain the stretch can be 
significant. We will use the higher order Pade approximation: 
                          ,)]4(2)[)((3)][ln( 122
 IBBIBIBBP                        (36) 
where I is the second order identity matrix. 
The accuracy of the Pade approximant is very good and is a very interesting 
replacement of the Taylor series expansion or the direct evaluation. The Taylor 
series is much more accurate but is a computationally expensive subroutine since 
we would need to calculate the eigen values and vectors computationally to 
calculate the logarithm. 
Change in the model of back stress 
 
 The calculation of the back stress for the Arruda-Boyce model, which is 
described in (5), uses an inverse Langevin function. The Langevin function is 
defined by 
i
ii


1
)coth()( L . We need to invert this function. We use the 
approximation of the inverse function given by Tomas et al [15]. This is shown to 
be an accurate substitution and is given by  
                                               ,)
1
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2
i
i
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C
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

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

1-L                                         (37)                              
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where A, B,  and C are constants  given by  
                                                 ,53379924883468.2A                                     (38) 
                                                 ,06761436510819.1B                                   (39) 
                                          and .0.1C                                                             (40)                                                      
We introduce these approximations into an ABAQUS-Explicit VUMAT subroutine 
using the following integration method.  
4.2 Explicit integration scheme model 
 
 To use ABAQUS-Explicit with a user defined material model one has to 
define a VUMAT subroutine to calculate the stress for an increment of the 
deformation gradient as prescribed by ABAQUS. Every time the VUMAT is run, 
ABAQUS provides initial values for the deformation gradient and values for the 
user defined history parameters at the start of the step and provides the increment of 
deformation by giving the final deformation gradient at the end of the step. The 
VUMAT subroutine needs to evaluate the value of the stress and the history 
parameters at the end of the step and return them to the ABAQUS program. 
We will explain how our subroutine calculates the end values for each step. We 
will use the subscript 0t  to represent the start of the current step and the subscript 
1t  to represent the end of this step (the start of the next step).  
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1. ABAQUS-Explicit provides for each step the tensors 
0t
F , 
1t
F , 
p
t0
F  and 
0t
s  
at the beginning of each time increment.  
 
2. We use a midpoint predictor/corrector method for incrementing the results. 
For this we calculate aveF  for each iteration with the relation 
                                                ,
2
10 tt
ave
FF
F


                                        (41)
 
 
and initialize the process by setting  pt1F  equal to 
p
t0
F
.
 
3. ABAQUS-Explicit runs the VUMAT many times for different purposes. 
Initially, it requires that the VUMAT provide the response for a fully elastic 
step. This provides the elastic tangent modulus (ABAQUS-Explicit does not 
require the user to directly provide the tangent modulus). For the initial time 
ABAQUS calls the VUMAT for a given loading increment, the VUMAT 
calculates the elastic deformation gradient for an elastic increment by using 
the equation  
                                                 .1
11
1
 pttt
e
FFF
                                         (42)
 
Then it calculates the stress either for the Arruda-Boyce model denoted by 
)(
1
e
tBoyce FT  or the stress for the modified Arruda-Boyce model denoted by 
),(
11
p
t
e
taniso FFT , depending on which model is used. 
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4. After the first increment, VUMAT uses the iterative predictor/corrector 
method based on the midpoint of the step to converge onto the final results. 
To do this, for each predictor/corrector increment it calculates p
aveF , aves  and 
e
aveF ,
 with a similar relation as that given for the average deformation 
gradient. 
It then uses these values to calculate the midpoint stress T  (Arruda-Boyce 
or the modified Arruda-Boyce model) and the midpoint back stress bT . 
5. We then calculate the overstress using 
                                                   .
1* eTbe
eJ
FTFTT 
                          (43)
 
Using this overstress, we can use the Arruda-Boyce model to calculate the 
midpoint values of  and s . The rate of plastic deformation at the 
midpoint is then given by Pave
Pp
FDF   . 
6. We then calculate the new values of pt1F  and 1ts   with the midterm rule 
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.
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Then we use these values to compute the end value of stress 
1t
T  and the 
elastic deformation gradient 
e
t1
F . 
7. We compute the magnitude stress at the end of the increment using 
                                     ,:
111 ttt
TTT 
                                                 (44)
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and compare the new magnitude of the stress with the value from the 
previous predictor/corrector and if the difference is more than   we 
start again from step 4 (but no more than five times).      
 
4.3 Verification of implementation in ABAQUS 
 
The constitutive model implemented in ABAQUS has been checked under 
various conditions. Figures 10-11show the ABAQUS simulation results compared 
to the semi-analytic results for uniaxial compression and tension. As can be seen 
from the plots, there is good agreement between the semi-analytic results and the 
ABAQUS simulations. 
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Figure 10. Comparison of Experimental and semi-analytical simulations with 
ABAQUS simulations for uniaxial compression at 0.01 1s  . 
 
Figure 11. Comparison of semi-analytical simulations with ABAQUS for uniaxial 
tension at 0.01 1/s. 
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4.4 Dynamic simulation using ABAQUS 
 
Up to now we only have used the ABAQUS VUMAT to compare the 
ABAQUS simulations to the results from the semi-analytical method. This was 
done to verify that the implementation of the VUMAT is correct for both the 
Arruda-Boyce and modified Arruda-Boyce models.  
We will now use the VUMAT to show the difference between the Arruda-
Boyce and the modified Arruda-Boyce models. In particular, we will show how the 
modified Arruda-Boyce model will show directional changes in the wave 
propagation resulting from the anisotropy induced in the elastic response due to 
plastic flow. 
The two models are supposed to be similar when the beams are not 
subjected to any plastic deformation. As our first simulation we will evaluate the 
wave speed due to compression of the initially undeformed material 
The simulation consists of a beam at rest which is subjected to a blast load 
with a magnitude of  and a duration of  as shown in 
Figure 12.  
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Figure 12. Blast amplitude versus time. 
 
The dimension of the beam and the boundary condition used for the 
simulation are shown in Figure 13. As can be seen, to make the problem a one-
dimensional strain problem, all four lateral faces are on rollers. Thus, the three-
dimensional model should simulate a one-dimensional problem. 
 
Figure 13. Schematic representation of the boundary conditions. 
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In this simulation we put two beams side by side and use the Arruda-Boyce 
model for one and the modified Arruda-Boyce model for the other. The beam in the 
foreground has the characteristic of the modified Arruda-Boyce model whereas the 
beam in the background has the characteristic of the Arruda-Boyce model. The 
complete time of this simulation is equal to sec102 3x  with a step between each 
incrementation equal to approximately sec1002.1
4x . As can be seen, the two 
models predict the exact same motion of the pulse wave as it travels into the bar. 
The analytically predicted wave speed can be calculated from equation 1. 
However, we need to calculate the longitudinal modulus; to do that we can use the 
Hooke’s law for an isotropic material which is given by 
                                           .)(2 Iεεσ tr   
We focus on the longitudinal direction which gives  
                                           ,)(2 3322111111    
where  and G  are the Lamé parameters. 
22  and 33 are equal to zero due to the boundary condition; finally, we obtain 
111111 )2(  LE . The value of the longitudinal modulus is equal to 
3.55596 GPa and which gives us a velocity equal to 1781 1ms . 
The wave speed calculated from the simulation being equal to 1710 1ms  the 
simulation is close to the analytical result and confirms the validity of this model. 
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We next check the difference between the two models when the beams are 
subjected to plastic deformation. We do exactly the same simulation but before we 
subject the beams to the pressure pulse, we stretch the beams 30% along the 
longitudinal direction. Thus, this simulation is composed of two steps. The first 
step involves a stretch of 30% along the longitudinal direction with a complete time 
equal to 3 seconds, and a second step where we applied the blast load. The 
complete step time for this step is the same as the previous simulation 
( sec102 3x ), but the amplitude of the load pulse is higher. This is because of the 
pre-load due to the stretching, so the pulse was taken to be .109 Pa . 
 
Figure 14. Schematic representation of boundary conditions of the beam stretched. 
The result obtained is shown below. We will show the result only of the blast step. 
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As we can see the velocity in the two beams is different; the wave travels faster in the 
beam with the modified Arruda-Boyce since the model increases the wave speed along 
the direction of extension. The wave speed in the beam with the Arruda-Boyce model is 
equal to 
11475 ms , the same as the undeformed material, whereas the wave in the 
beam with the modified Arruda-Boyce model moves 18% faster than in the 
( ). According to Figure 1, the longitudinal modulus becomes higher when the 
plastic strain increases, which will increase the velocity of the wave. Therefore, the 
modified Arruda-Boyce model as implemented in this VUMAT gives a better 
representation of the real experimentally measured increase in wave speed. 
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Chapter 5: EXAMPLE PROBLEMS USING THE MODIFIED MODEL 
 
In the previous chapter, we have shown simulations to illustrate the 
differences and similarities in the two models and to show that the modified 
Arruda-Boyce model better predicts the actual behavior of PC as observed in 
experiments. We also have shown that the VUMAT for ABAQUS-Explicit 
provides an accurate simulation of the modified Arruda-Boyce material model. We 
now will use this VUMAT for the modified Arruda-Boyce model to consider 
several example problems.  
5.1 Wave delay 
 
The first simulation is to construct a chamber that provides a delay in the 
pulse by slowing down the wave. 
This simulation is constituted of two steps; in the first one, the beam is 
compressed in the middle. The aim of this step is to create a decrease in the 
longitudinal modulus and will result in an increase transverse modulus. As can be 
seen in Figure 15, we accomplish the compression by applying a load on the central 
part of a beam along the transverse direction, forcing the sample to expand along 
this direction and shorten along the axial direction. In this example the beam will 
be stretched in the central section by approximately 40% in the transverse direction. 
After this step, the second step is again to apply the wave at one end of the beam. 
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The total time of this simulation is equal to 5.004 seconds, 5 seconds for the first 
step and 0.004 seconds for the blast load step. 
 
 
 
 
   
 
 
 
 
 
 
 
 
                                           
 
 
 
 
 
Figure 15. Schematic representation of  boundary 
conditions of the beam stretch in the middle. 
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As shown in Figure 16, the velocity of the wave slows down when it passes 
through the stretched area. We also can control the length of the beam having the 
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slower wave by extending the expanded section. In this way one can construct a 
delay of any size in a wave propagating through the beam. Since the phenomenon 
of developing anisotropy with plastic flow scales down to micro- and possibly 
nanometer length scales, the method can be used to control or tune devices that 
work with acoustic waves.   
 
Figure 16. Velocity of the wave versus distance. 
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Chapter 6: SUMMARY AND CONCLUSIONS 
 
Initially isotropic glassy polymers, such as polycarbonate (PC), sometimes 
become strongly anisotropic when undergoing plastic flow. This change in the 
elastic response can be modeled by a constitutive equation of stress which is a 
function of the elastic and plastic deformation gradient. This modeling structure 
deviates from the traditional method of modeling stress in which stress is assumed 
as a function of just an elastic deformation gradient.  
The focus of this thesis is to consider a modification of the rate dependent 
constitutive model developed by Boyce et al. [11-12] and extended by Arruda et al. 
[9], which we have called the Arruda-Boyce model. We propose to modify this 
model by replacing the original constitutive equation for stress with a modified 
equation that captures the anisotropic changes observed in the elastic response. 
However, we keep all the other components of the Arruda-Boyce model. That is, 
we include the same back stress and flow rule. We term this constitutive equation 
the modified Arruda-Boyce model. 
The equation for stress used in modifying the Arruda-Boyce model was 
developed by Negahban et al. [10] based on fitting the anisotropic ultrasonic wave 
moduli measured after plastic compression of samples.  As a result, the model 
reproduced the correct anisotropic wave moduli (highe speed moduli) after plastic 
deformation but does not capture the quasi-static (low speed) moduli of the 
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material. To better capture the slower rate response, the isotropic terms in the 
model were scaled to match the initial response of the original Arruda-Boyce 
model. As indicated below, the modified Arruda-Boyce model using either the 
stress model fit to the ultrasonic response or its scaled down version show similar 
fits to all the experimental data used to construct the original Arruda-Boyce model. 
For tension, semi-confined compression, simple shear, and fully confined 
compression, the Arruda-Boyce and the modified Arruda-Boyce models were 
compared for monotonic loading rates. For all experimental results used to 
construct the original Arruda-Boyce model, the modified Arruda-Boyce model 
produced equally good fits to the data (both for the modification based on the 
ultrasonic results or the scaled back model that is designed to better fit the slow 
response). Therefore, we concluded that the modification produced a model that is 
equally representative of the original data and which also fits the measured 
ultrasonic response (characterizing elastic wave behavior). We noted that the 
ultrasonically based model differed substantially from the original Arruda-Boyce 
model under confined compression. This was expected since this mode of 
deformation requires large elastic deformations which produce larger stresses when 
the properties are fit to the higher ultrasonic moduli. The scaled back version of the 
model did not differ substantially from the Arruda-Boyce model. We also noted 
that neither the original Arruda-Boyce model or its modification reproduce the high 
strain rate viscoelastic response of the PC (strain rates over 1 1/s), even though the 
modified model correctly reproduces the elastic response after viscoelastic flow. 
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We described how to construct a VUMAT to implement the original and 
modified models into ABAQUS-Explicit. We verified this routine by correctly 
reproducing the semi-analytical responses. Once the VUMAT was verified to work 
correctly, we used ABAQUS-Explicit to simulate the dynamic response resulting 
from a load pulse applied to the original Arruda-Boyce model and its modification. 
To show the strength of the modified Arruda-Boyce model, we did this comparison 
before and after “plastically” deforming the material. As expected, the modified 
Arruda-Boyce model correctly simulated the change in wave speed, while the 
original Arruda-Boyce model showed no change in this speed. As a result, we 
concluded that the VUMAT provided a way to obtain correct dynamic simulation 
of the elastic respone with ABAQUS-Explicit after plastically deforming samples 
of PC. 
Finally, as an example we looked at using the modified Arruda-Boyce model 
to construct a wave delay. Through this example we intended to show that the 
VUMAT and ABAQUS-Explicit could be used as a design tool for constructing 
devices. The wave delay was constructed by adding a compressed region in a bar 
and simulated to show how the wave speed slows down in the delay portion. 
In summary, from this study we have shown that the modified Arruda-Boyce 
model keeps all the experimentally observed characteristics of the original model 
and adds the ability to capture the anisotropy seen in the elastic response after 
plastic flow. In particular, the modified model may be useful in studying the 
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dynamic elastic response of materials after plastic flow. Overall, the modified 
Arruda-Boyce model keeps all desirable features of the original model.  
6.1 Future work 
Even though the VUMAT was developed and tested against standard 
problems, ABAQUS-Explicit frequently shows difficulty in simulating wave type 
motion with this and even its own constitutive models. Further study of this is 
necessary to clarify the source of such problems. It seems that dynamic simulation 
at large deformations is still a research area that needs to be carefully understood. 
A direct extension of this work would be to use the developed VUMAT in 
ABAQUS-Explicit to simulate wave propagation in plastically deformed 
polycarbonate. Since the development of anisotropy in the elastic wave should 
scale down to the micrometer and sub-micrometer scale, one could imagine small 
chip-level components that use ultrasonic waves to sense and control systems. 
Examples of other devices that might be possible to study are: 
1.  Development of wave guides based on controlling the anisotropy in the 
wave moduli through plastic deformation. 
2. Development of protection that uses plasticity to divert or trap blast waves. 
3.  The simulation of wave propagation around points of large plastic flow 
(plastic singularity) as for cracks or the interfaces of composite materials. 
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Appendix: VUMAT USED FOR ABAQUS SIMULATIONS 
 
The following code was written by A. Goyal, M. Negahban. 
 
C 
C User subroutine VUMAT 
      subroutine vumat ( 
C Read only - 
     *     nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal, 
     *     stepTime, totalTime, dt, cmname, coordMp, charLength, 
     *     props, density, strainInc, relSpinInc, 
     *     tempOld, stretchOld, defgradOld, fieldOld, 
     *     stressOld, stateOld, enerInternOld, enerInelasOld, 
     *     tempNew, stretchNew, defgradNew, fieldNew, 
C Write only - 
     *     stressNew, stateNew, enerInternNew, enerInelasNew ) 
C 
      include 'vaba_param.inc' 
C 
      dimension coordMp(nblock,*), charLength(nblock), props(nprops), 
     1     density(nblock), strainInc(nblock,ndir+nshr), 
     2     relSpinInc(nblock,nshr), tempOld(nblock), 
     3     stretchOld(nblock,ndir+nshr),  
     4     defgradOld(nblock,ndir+nshr+nshr), 
     5     fieldOld(nblock,nfieldv), stressOld(nblock,ndir+nshr), 
     6     stateOld(nblock,nstatev), enerInternOld(nblock), 
     7     enerInelasOld(nblock), tempNew(nblock), 
     8     stretchNew(nblock,ndir+nshr), 
     9     defgradNew(nblock,ndir+nshr+nshr), 
     1     fieldNew(nblock,nfieldv), 
     2     stressNew(nblock,ndir+nshr), stateNew(nblock,nstatev), 
     3     enerInternNew(nblock), enerInelasNew(nblock) 
 
 
      DOUBLE PRECISION,DIMENSION(3,3)::Identity 
      DOUBLE PRECISION,DIMENSION(3,3)::Ft0,Fpt0 
      DOUBLE PRECISION::s0,st0 
      DOUBLE PRECISION,DIMENSION(3,3)::Ft1,Fpt1, Fet1, Fpt1_inv 
      DOUBLE PRECISION,DIMENSION(3,3)::Ut1,Rt1, Stress1,InvUt1,Stresst1 
      DOUBLE PRECISION::st1,DetFpt1,DetUt1,Ds_ave 
      DOUBLE PRECISION,DIMENSION(3,3)::F_ave, Fp_ave, Fe_ave 
      DOUBLE PRECISION,DIMENSION(3,3):: Fp_ave_inv, DFp_ave  
      DOUBLE PRECISION::s_ave,DetFp_ave, DetFe_ave 
      DOUBLE PRECISION,DIMENSION(3,3)::Stress_ave, BackStress_ave 
      DOUBLE PRECISION::E,nu,Mu,const1,MaterialNo 
      DOUBLE PRECISION::MagMax, Mag_Stresst1, Mag_old, Mag_new 
      INTEGER::MaxIter 
      INTEGER::I,J,TEMP,K,M,R,S,L,COUNT 
       
      Do K=1,NBLOCK  
       
      const1=1000000.0d0       
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      MaterialNo=props(1) 
       
      E=2300.0D0*const1; 
      nu=0.33D0; 
      Mu=E/(2.0D0*(1.0D0+nu)) 
      s0=0.11D0*Mu 
       
      MaxIter = 5         !Maximum Number to iterate 
      MagMax = 1.0D-4     !Maximum error to break iteration 
       
      Identity = 0.0D0 
      DO I=1,3 
        Identity(I,I) = 1.0D0 
      ENDDO 
          
      TEMP=0 
      DO I=1,3 
        DO J=1,3 
           TEMP=TEMP+1 
           Fpt0(I,J)=Identity(I,J)+stateOld(K,TEMP) 
           Fpt1(I,J)=Fpt0(I,J); 
        ENDDO 
      ENDDO 
      st0=stateOld(K,10)+s0 
      st1=st0 
      
      Ft0(1,1)=defgradOld(K,1) 
      Ft0(2,2)=defgradOld(K,2) 
      Ft0(3,3)=defgradOld(K,3) 
      Ft0(1,2)=defgradOld(K,4) 
      Ft0(2,3)=defgradOld(K,5) 
      Ft0(3,1)=defgradOld(K,6) 
      Ft0(2,1)=defgradOld(K,7) 
      Ft0(3,2)=defgradOld(K,8) 
      Ft0(1,3)=defgradOld(K,9) 
       
      Ft1(1,1)=defgradNew(K,1) 
      Ft1(2,2)=defgradNew(K,2) 
      Ft1(3,3)=defgradNew(K,3) 
      Ft1(1,2)=defgradNew(K,4) 
      Ft1(2,3)=defgradNew(K,5) 
      Ft1(3,1)=defgradNew(K,6) 
      Ft1(2,1)=defgradNew(K,7) 
      Ft1(3,2)=defgradNew(K,8) 
      Ft1(1,3)=defgradNew(K,9) 
       
      F_ave = (Ft1+Ft0)/2.0D0  
       
      Ut1(1,1)=stretchNew(K,1) 
      Ut1(2,2)=stretchNew(K,2) 
      Ut1(3,3)=stretchNew(K,3) 
      Ut1(1,2)=stretchNew(K,4) 
      Ut1(2,3)=stretchNew(K,5) 
      Ut1(3,1)=stretchNew(K,6) 
      Ut1(2,1)=Ut1(1,2) 
      Ut1(3,2)=Ut1(2,3) 
      Ut1(1,3)=Ut1(3,1) 
       
      CALL INV3X3(Ut1,InvUt1,DetUt1) 
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      Rt1=MATMUL(Ft1,InvUt1) 
       
      IF (STEPTIME .EQ. 0.0D0) THEN 
            Fpt1 = Fpt0 
            st1 = st0 
            CALL INV3X3(Fpt1,Fpt1_inv,DetFpt1) 
            Fet1 = MATMUL(Ft1, Fpt1_inv) 
             
            IF (MaterialNo .EQ. 1.0) THEN 
                CALL BoyceCauchyStress(Stresst1,Fet1) 
                !print*,"boyce" 
            ELSE 
       CALL DevelopmentofAnisotropyStress(stresst1,Fet1,Fpt1) 
                !print*,"aniso" 
            ENDIF  
             
            GOTO 10 
      ENDIF 
       
      DO I=1,MaxIter 
    
          Fp_ave = (Fpt0+Fpt1)/2.0D0 
          s_ave = (st0+st1)/2.0D0 
           
          CALL INV3X3(Fp_ave,Fp_ave_inv,DetFp_ave) 
          Fe_ave = MATMUL(F_ave,Fp_ave_inv)  
           
          IF (MaterialNo .EQ. 1.0) THEN 
            CALL BoyceCauchyStress(Stress_ave,Fe_ave)        
          ELSE 
   CALL DevelopmentofAnisotropyStress(Stress_ave,Fe_ave,Fp_ave)   
          ENDIF   
           
          CALL FlowRule(DFp_ave,Ds_ave,s_ave,Stress_ave 
     $     ,F_ave,Fe_ave,Fp_ave) 
               
          Fpt1 = Fpt0+DFp_ave*dt 
          st1 = st0+Ds_ave*dt 
          CALL INV3X3(Fpt1,Fpt1_inv,DetFpt1) 
          Fet1 = MATMUL(Ft1, Fpt1_inv) 
          
          IF (MaterialNo .EQ. 1.0) THEN 
            CALL BoyceCauchyStress(Stresst1,Fet1)  
          ELSE 
  CALL DevelopmentofAnisotropyStress(Stresst1,Fet1,Fpt1) 
          ENDIF   
             
          CALL MagnitudeTensor(Mag_Stresst1,Stresst1) 
           
          IF(I .gt. 1) then 
            Mag_old = Mag_new 
            Mag_new = Mag_Stresst1 
            IF((Mag_new-Mag_old).gt. MaxMag) Goto 10 
          ELSE 
            Mag_new = Mag_Stresst1 
          ENDIF 
      ENDDO 
       
10    Stress1=MATMUL(TRANSPOSE(Rt1),MATMUL(Stresst1,Rt1)) 
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      stressNew(K,1)=Stress1(1,1) 
      stressNew(K,2)=Stress1(2,2) 
      stressNew(K,3)=Stress1(3,3) 
      stressNew(K,4)=Stress1(1,2) 
      stressNew(K,5)=Stress1(2,3) 
      stressNew(K,6)=Stress1(3,1) 
       
      TEMP=0 
        
      DO I=1,3 
        DO J=1,3 
           TEMP=TEMP+1 
           IF (I .EQ. J) THEN 
              stateNew(K,TEMP)=Fpt1(I,J)-1.0D0 
           ELSE 
              stateNew(K,TEMP)=Fpt1(I,J) 
           ENDIF 
        ENDDO 
      ENDDO 
       
      StateNew(K,10)=st1-s0 
       
      ENDDO     
       
      RETURN 
       
      END SUBROUTINE VUMAT 
              
   
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
    
        
      SUBROUTINE BoyceCauchyStress(stress,Fe) 
           
      INCLUDE 'vaba_param.inc' 
     
      DOUBLE PRECISION::Bulk,Mu,E,nu,DetFe,const 
      DOUBLE PRECISION,DIMENSION(3,3)::Stress,Be,Fe,lnsqrtBe,InvFe 
      INTEGER::I,J,K 
           
      const=1000000.0d0 
      Stress=0.0D0 
      InvFe=0.0D0 
      DetFe=0.0D0 
           
      E=2300.0D0*const; 
       nu=0.3D0; 
       Bulk=E/(3.0D0*(1.0D0-2.0D0*nu)); 
       Mu=E/(2.0D0*(1.0D0+nu)); 
 
       CALL INV3X3(Fe,InvFe,DetFe)     
       Be=Matmul(Fe,Transpose(Fe)) ! Correct notation 
           
       CALL PadeApproximants22(lnsqrtBe,Be) 
           
          
       DO I=1,3 
         DO J=1,3 
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         stress(I,J)=stress(I,J)+(1.0D0/DetFe)*2.0D0*Mu*lnsqrtBe(I,J) 
              DO K=1,3 
                 IF (I .EQ. J) THEN 
                 stress(I,J)=stress(I,J)+(1.0D0/DetFe)*(Bulk-(2.0D0/ 
     $           3.0D0)*Mu)*lnsqrtBe(K,K) 
                 ENDIF 
              ENDDO 
         ENDDO 
       ENDDO 
         
          
   END SUBROUTINE BoyceCauchyStress  
       
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
       
 
   SUBROUTINE DevelopmentofAnisotropyStress(stress,Fe,Fp) 
         
   INCLUDE 'vaba_param.inc' 
       
 
   DOUBLE PRECISION,DIMENSION(3,3)::Stress,Ce,Be,Fe,Cp,Bp,Fp 
   DOUBLE PRECISION,DIMENSION(3,3)::InvFe,InvFp,Identity 
   DOUBLE PRECISION,DIMENSION(3,3)::CpFeT,CeCpplusCpCe, 
     $           FeTimesCeCpplusCpCe,firstterm,secondterm,thirdterm 
   DOUBLE PRECISION::TrCe,TrCp,DetFe,DetFp,Jepow,Ie1,Jppow,Ip1 
   DOUBLE PRECISION::const1,const2,const3,const4 
   INTEGER::I 
          
   const4=1000000.0d0 
   Be=Matmul(Fe,Transpose(Fe)) 
   Ce=Matmul(Transpose(Fe),Fe) 
   Bp=Matmul(Fp,Transpose(Fp)) 
   Cp=Matmul(Transpose(Fp),Fp) 
   TrCe=0.0D0 
   TrCp=0.0D0 
          
   DO I=1,3 
      TrCe=TrCe+Ce(I,I) 
      TrCp=TrCp+Cp(I,I) 
   ENDDO 
          
   CALL INV3X3(Fe,InvFe,DetFe)  
   CALL INV3X3(Fp,InvFp,DetFp)  
          
   Jepow=DetFe**(2.0D0/3.0D0) 
    Ie1=TrCe/Jepow 
          
    Jppow=DetFp**(2.0D0/3.0D0) 
    Ip1=TrCp/Jppow 
          
    Identity=0.0D0 
      DO I=1,3 
      Identity(I,I)=1.0D0 
    ENDDO 
 
    const1=(4670.6D0+200.0D0*(ip1-3.0D0))*const4*0.4104d0 
    const2=(536.0D0-79.63D0*(ip1-3.0D0))*const4*0.825d0 
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    const3=((-283.0D0-150.0D0*exp(-(ip1-3.0D0)/.125D0)+433.0D0* 
     $                  exp(-(ip1-3.0D0)/.004D0)))*const4 
         
    CpFeT=MATMUL(Cp,Transpose(Fe)) 
    CeCpplusCpCe=MATMUL(Ce,Cp)+MATMUL(Cp,Ce) 
    FeTimesCeCpplusCpCe=MATMUL(Fe,CeCpplusCpCe) 
         
         
    firstterm=const2*(2.0D0/DetFe**(5.0D0/3.0D0))*(1.0D0/(DetFp))* 
              (Be-(TrCe/3.0D0)*Identity) 
    secondterm=(const1*log(DetFe)/(DetFe*DetFp))*Identity; 
    thirdterm=const3*(1.0D0/(DetFe*DetFp))*(2.0D0*MATMUL(Fe,CpFeT) 
              -2.0D0*Be-MATMUL(FeTimesCeCpplusCpCe,transpose(fe)) 
              +2.0D0*MATMUL(Be,Be)) 
   
    Stress=firstterm+secondterm+thirdterm 
       
    END SUBROUTINE DevelopmentofAnisotropyStress 
       
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
  
 SUBROUTINE BoyceBackstress(Backstress,Fp) 
       
 INCLUDE 'vaba_param.inc' 
      
 DOUBLE PRECISION,DIMENSION(3,3)::Identity,Fp,Backstress,Bp,DevBp 
 DOUBLE PRECISION::Cr,N,trBp,Lambdapch,temp,Invlang,temp1,const 
 INTEGER::I 
       
 const=1000000.0d0 
 Cr=18.0D0*const  
 N=2.78D0 
 
 Identity=0.0D0; 
 Backstress=0.0D0; 
 trBp=0.0D0; 
 Bp=Matmul(Fp,Transpose(Fp)) 
 
  DO I=1,3 
    Identity(I,I)=1.0D0 
    trBp=trBp+Bp(I,I) 
  ENDDO 
      
  DevBp=Bp-(1.0D0/3.0D0)*trBp*Identity 
  Lambdapch=((trBp/3.0D0)**(0.5D0)) 
  temp=Lambdapch/(N**(0.5D0)) 
 
  CALL InverseLangevin(Invlang,Temp) 
          
  Backstress=(1.0D0/3.0D0)*(Cr/temp)*Invlang*DevBp 
 
  END SUBROUTINE BoyceBackstress 
          
    
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
 
SUBROUTINE BoyceFeBackstressFeT(FeBackstressFeT, B, Be, Bp)  
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INCLUDE 'vaba_param.inc' 
      
DOUBLE PRECISION,DIMENSION(3,3)::FeBackstressFeT,FeDevBpFeT 
DOUBLE PRECISION,DIMENSION(3,3)::B,Be, Bp 
DOUBLE PRECISION::Cr,N,trBp,Lambdapch,temp,Invlang,temp1,const 
INTEGER::I 
       
const=1000000.0d0 
Cr=18.0D0*const 
N=2.78D0 
 
Backstress=0.0D0; 
         
DO I=1,3 
   trBp=trBp+Bp(I,I) 
ENDDO 
      
FeDevBpFeT=B-(1.0D0/3.0D0)*trBp*Be 
Lambdapch=((trBp/3.0D0)**(0.5D0)) 
temp=Lambdapch/(N**(0.5D0) 
CALL InverseLangevin(Invlang,Temp) 
          
FeBackstressFeT=(1.0D0/3.0D0)*(Cr/temp)*Invlang*FeDevBpFeT 
 
END SUBROUTINE BoyceFeBackstressFeT 
          
    
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
 
SUBROUTINE InverseLangevin(Invlang,number) 
       
INCLUDE 'vaba_param.inc' 
       
DOUBLE PRECISION::Invlang,number,A,B,C 
 
A=2.99248834685337D0 
B=-1.14365108190676D0 
C=-1.0D0 
       
Invlang=number*(A+B*number*number)/(1.0D0+C*number*number) 
 
END SUBROUTINE InverseLangevin 
     
 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
 
SUBROUTINE FlowRule(DFp,sdot,s,stress,F, Fe, Fp) 
       
INCLUDE 'vaba_param.inc' 
 
DOUBLE PRECISION,DIMENSION(3,3)::Identity,DFp,Stress,Overstress, 
                                 DevOverstress 
DOUBLE PRECISION,DIMENSION(3,3)::FeBackstressFeT,InvFe,DevOverstr2, 
                                 Nij 
DOUBLE PRECISION,DIMENSION(3,3)::F,Fe,Fp, B, Be, Bp 
DOUBLE PRECISION::Deltas,deltatime,DetFe,TrOverStress,tau, 
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                  TrDevOverstr2,gammadotp,s 
DOUBLE PRECISION::gammadot0,A,boltz_const,abstemp,softslope,sdot, 
                            sss,E,nu,Mu,s0,const 
INTEGER::I 
        
const=1000000.0d0 
gammadot0=2.0e15 
boltz_const=1.3806503e-29*const 
abstemp=273.0D0+22.5D0 
softslope=500.0D0*const 
E=2300.0D0*const 
nu=0.33D0; 
Mu=E/(2.0D0*(1.0D0+nu)) 
s0=0.11D0*Mu 
sss=0.78D0*s0 
A=3.31e-27 
              
CALL INV3X3(Fe,InvFe,DetFe) 
B = Matmul(F,Transpose(F)) 
Be = Matmul(Fe,Transpose(Fe)) 
Bp = Matmul(Fp,Transpose(Fp)) 
CALL BoyceFeBackstressFeT(FeBackstressFeT, B, Be, Bp) 
Overstress=Stress-(1.0d0/DetFe)*FeBackstressFeT 
 
        
Identity=0.0D0 
TrOverStress=0.0D0 
 
DO I=1,3 
  Identity(I,I)=1.0D0 
  TrOverStress=TrOverStress+Overstress(I,I) 
ENDDO 
      
 DevOverstress=Overstress-(1.0D0/3.0D0)*TrOverStress*Identity 
          
 DevOverstr2=MATMUL(DevOverstress,DevOverstress) 
 
 TrDevOverstr2=0.0D0 
 
 DO I=1,3 
   TrDevOverstr2=TrDevOverstr2+DevOverstr2(I,I) 
 ENDDO 
 
 tau=(1.0D0/(2.0D0**0.5D0))*(TrDevOverstr2**0.5D0) 
          
 IF (Tau .EQ. 0) THEN 
     Nij=0.0D0 
     ELSE 
       Nij=(1.0D0/(2.0D0**0.5D0))*(1.0D0/tau)*DevOverstress 
 ENDIF 
 
 gammadotp=gammadot0*exp(-(A*s/(boltz_const*abstemp))* 
          (1.0D0-((tau/s)**(5.0D0/6.0D0)))) 
 sdot=softslope*(1.0D0-(s/sss))*gammadotp 
          
 DFp=gammadotp*MATMUL(Nij,Fp) ! correct to get DFp not just Dp 
 
 END SUBROUTINE FlowRule 
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!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
     
 
SUBROUTINE PadeApproximants22(lnsqrttensor,tensor) 
       
INCLUDE 'vaba_param.inc' 
    
DOUBLE PRECISION,DIMENSION(3,3)::Identity,lnsqrttensor,tensor, 
            Term1,Term2,Term3,InvTerm3 
DOUBLE PRECISION::DetTerm3  
INTEGER::I 
       
Identity=0.0D0; 
lnsqrttensor=0.0D0; 
       
DO I=1,3 
  Identity(I,I)=1.0D0 
ENDDO 
          
Term1=tensor+Identity 
Term2=tensor-Identity 
Term3=2.0D0*(MATMUL(tensor,tensor)+4.0D0*tensor+Identity) 
CALL INV3X3(Term3,InvTerm3,DetTerm3) 
          
lnsqrttensor=3.0D0*MATMUL(Term1,MATMUL(Term2,InvTerm3)) 
          
 END SUBROUTINE PadeApproximants22 
     
    
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
     
          
SUBROUTINE DeviatoricTensor(Dev_Tensor,Tensor) 
         
INCLUDE 'vaba_param.inc' 
         
DOUBLE PRECISION,DIMENSION(3,3)::Dev_Tensor,Tensor 
INTEGER::I,J 
Dev_Tensor=0.0d0 
           
DO I=1,3 
  DO J=1,3   
     IF (I .EQ. J) THEN 
         Dev_Tensor(I,J)=Tensor(I,J)-((Tensor(1,1)+Tensor(2,2) 
                         +Tensor(3,3))/3.0d0) 
     ELSE 
         Dev_Tensor(I,J)=Tensor(I,J) 
     ENDIF      
   ENDDO 
ENDDO 
      
END SUBROUTINE DeviatoricTensor 
      
!!!! SUBROUTINE TO CALCULATE THE MAGNITUDE OF THE  TENSOR           
      
SUBROUTINE MagnitudeTensor(Mag_Tensor,Tensor) 
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INCLUDE 'vaba_param.inc' 
         
DOUBLE PRECISION,DIMENSION(3,3)::Tensor,Mag_Tensor2 
DOUBLE PRECISION::Mag_Tensor,Temp 
INTEGER::I,J 
Mag_Tensor=0.0D0 
Mag_Tensor2=0.0D0 
           
Mag_Tensor2=MATMUL(Tensor,TRANSPOSE(Tensor)) 
          
Temp=0.0D0 
DO I=1,3 
   Temp=Temp+Mag_Tensor2(I,I) 
ENDDO 
           
Mag_Tensor=(1.0D0/(2.0D0**0.5D0))*(Temp**0.5D0) 
           
END SUBROUTINE MagnitudeTensor 
      
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
   
                
!    SUBROUTINE TO INVERT 3X3 and determinant 
      
SUBROUTINE INV3X3(A,AI,RJ) 
 
INCLUDE 'vaba_param.inc' 
 
INTEGER I,J,INDX(3)       
DOUBLEPRECISION  A(3,3),AI(3,3),ATEMP(3,3),RJ 
     
 
DO I=1,3 
  DO J=1,3 
     ATEMP(I,J)=A(I,J) 
  ENDDO 
ENDDO 
 
DO I=1,3 
  DO J=1,3 
     AI(I,J)=0.0D0 
  ENDDO 
  AI(I,I)=1.0D0 
ENDDO 
 
CALL LUDCMP(ATEMP,3,3,INDX,RJ) 
 
DO J=1,3 
  RJ=RJ*ATEMP(J,J) 
  CALL LUBKSB(ATEMP,3,3,INDX,AI(1,J)) 
ENDDO 
RETURN 
 
END SUBROUTINE INV3X3 
 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
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!    Back substitution for LU decomposition 
!    From NUMERICAL RECIPES 
 
SUBROUTINE LUBKSB(A,N,NP,INDX,B) 
INCLUDE 'vaba_param.inc' 
 
INTEGER NP,N,LL,II,I,J 
INTEGER INDX(N) 
DOUBLEPRECISION  A(NP,NP),B(N),SUM 
 
II=0 
 
DO I=1,N 
   LL=INDX(I) 
   SUM=B(LL) 
   B(LL)=B(I) 
      IF (II.NE.0)THEN 
          DO J=II,I-1 
             SUM=SUM-A(I,J)*B(J) 
          ENDDO 
      ELSE IF (SUM .NE. 0.D0) THEN 
         II=I 
      ENDIF 
   B(I)=SUM 
ENDDO 
 
DO I=N,1,-1 
   SUM=B(I) 
     IF(I.LT.N)THEN 
        DO J=I+1,N 
           SUM=SUM-A(I,J)*B(J) 
        ENDDO 
     ENDIF  
   B(I)=SUM/A(I,I) 
ENDDO 
 
RETURN 
 
END SUBROUTINE LUBKSB 
 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
 
!     LU decomposition 
!     From NUMERICAL RECIPES 
 
 
 
   SUBROUTINE LUDCMP(A,N,NP,INDX,D) 
   INCLUDE 'vaba_param.inc' 
 
 
   INTEGER NMAX,NP,N,I,J,K,IMAX 
 
   DOUBLE PRECISION::TINY,AAMAX,SUM,DUM,D 
 
   PARAMETER (NMAX=100,TINY=1.0D-20) 
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   INTEGER INDX(N) 
 
   DOUBLE PRECISION A(NP,NP),VV(NMAX) 
 
   D=1.D0 
 
   DO I=1,N 
     AAMAX=0.D0 
      DO J=1,N 
         IF (ABS(A(I,J)).GT.AAMAX) AAMAX=ABS(A(I,J)) 
      ENDDO 
     IF (AAMAX.EQ.0.D0) PAUSE 'Singular matrix.' 
        VV(I)=1.D0/AAMAX 
   ENDDO 
 
   DO J=1,N 
     IF (J.GT.1) THEN 
       DO I=1,J-1 
         SUM=A(I,J) 
           IF (I.GT.1)THEN 
             DO K=1,I-1 
                SUM=SUM-A(I,K)*A(K,J) 
             ENDDO  
             A(I,J)=SUM 
           ENDIF 
       ENDDO 
     ENDIF 
     AAMAX=0.D0 
     DO I=J,N 
     SUM=A(I,J) 
        IF (J.GT.1)THEN 
           DO K=1,J-1 
              SUM=SUM-A(I,K)*A(K,J) 
           ENDO 
           A(I,J)=SUM 
        ENDIF 
        DUM=VV(I)*ABS(SUM) 
          IF (DUM.GE.AAMAX) THEN 
            IMAX=I 
            AAMAX=DUM 
          ENDIF 
      ENDDO 
     IF (J.NE.IMAX)THEN 
       DO K=1,N 
         DUM=A(IMAX,K) 
         A(IMAX,K)=A(J,K) 
         A(J,K)=DUM 
       ENDDO 
     D=-D 
     VV(IMAX)=VV(J) 
     ENDIF 
   INDX(J)=IMAX 
   IF(J.NE.N)THEN 
          IF(A(J,J).EQ.0.D0)A(J,J)=TINY 
            DUM=1.D0/A(J,J) 
            DO I=J+1,N 
                A(I,J)=A(I,J)*DUM 
            ENDDO 
          ENDIF 
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 ENDDO 
 
 IF(A(N,N).EQ.0.D0)A(N,N)=TINY 
 
 RETURN 
 
 END SUBROUTINE LUDCMP 
 
 
 
 
